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Predrag V. Krtolica, Predrag S. Stanimirovic´ and Igor Stojanovic´
Abstract. A particular integer sequence derived by the convex polygon triangulation is
introduced and investigated. After some underlying results are presented, the forbidden
(or improper) integer values relative to the triangulation are concerned. It is understood
that the forbidden sequences do not correspond to any triangulation. Some of their
properties are presented. These properties are used to count the forbidden values,
which is, finally, exploited in stating another decomposition of the Catalan number.
Keywords: Catalan number, Convex polygon triangulation, Binomial coefficient.
1. Introduction and Preliminaries
The decomposition of two-dimensional objects into simpler components has a va-
riety of applications in computer graphics as well as in different areas of engineering
(robotics, pattern recognition and others mentioned in [3]).
The problem of the convex polygon triangulation assumes dividing a given poly-
gon area by its internal diagonals into the triangles without any gaps and overlaps.
This is a classical problem solved so far in several ways.
The number of triangulations of a convex n-gon is equal to the (n−2)-th Catalan
number, i.e.
(1.1) Cn−2 =
1
n− 1
(
2n− 4
n− 2
)
.
In [9] we have proposed a recursive convex polygon triangulation algorithm, par-
tially based on the problem solution proposed in [7] where the context-free grammar
is used.
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Being inspired by the method described in [7], we have used the following rules
generating the arithmetic expression in the reverse Polish notation.
S → SS +(1.2)
S → b(1.3)
Using the grammar rules (1.2) and (1.3) and the reverse Polish notation (RPN)
method (cf. [8, 9, 10]) the algorithm for a convex polygon triangulation is sug-
gested in [9]. Also, it is proved that this algorithm works in linear time. Moreover,
the correlation between the arithmetic expressions in RPN with triangulations is
investigated.
In [9], for every n ≥ 3, we can consider the mapping Fn : Rn 7→ Tn, whose
domain is the set of expressions made by the n−2 applications of the rule (1.2) and
n−1 applications of the rule (1.3), and the range is the set of an n-gon triangulations.
It is not difficult to verify that some elements from Rn could be derived in multiple
ways. The unique characterization for each element in Rn is given in [9].
Following the usual notations, by {+, b}∗p,q we denote the subset of the closure
set {+, b}∗ consisting of p appearances of the character + and q appearances of the
character b. In the boundary case, we have {+, b}∗0,0 = {ǫ}.
Lemma 1.1. [9] An arbitrary element rn ∈ Rn, corresponding to a particular
triangulation of an n-sided polygon, is uniquely determined by the following two
conditions:
(C1) It possesses the form
rn = bbA+, A ∈ {+, b}
∗
n−3,n−3,
(C2) Each initial part of the expression rn (the substring of consecutive characters
which starts from the first character) must be of the form
{+, b}∗p,q p < q, p = 1, . . . , n− 2, q = 1, . . . , n− 1.
By Pn we denote the set of expressions generated by the grammar rules (1.2),
(1.3) which satisfy conditions (C1) and (C2).
Lemma 1.2. [9] The mapping Fn : Pn 7→ Tn is well defined, one-to-one and onto
for any n ≥ 3.
In this paper, we assign the unique integer to every arithmetic expression in
RPN, derived by rules (1.2) and (1.3), which corresponds to some n-gone triangu-
lation. In other words, we have made a bijection between triangulations Tn and a
subset of integers. We consider these numbers and give some of their properties.
As a consequence, we get an ordering in the set Tn, different than e.g. the one
derived in [5]. In [5] the authors propose the infinite tree of all triangulations, where
every tree node is a particular triangulation of an n-gon (n > 3) with a number
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of descendants equal to the degree of the vertex n in range 2, . . . , n − 1. The
descendant triangulations (which are the (n+1)-gon triangulations) are derived by
”splits” of diagonals δi,n, i ∈ {1, . . . , n− 1}, incident to the vertex n. If these splits
are performed in the increasing order of i, the unique order among all triangulations
(and unique tree of all triangulations) is derived.
In the following section, we define the forbidden combinations (which do not
correspond to any element of Tn) and count their number.
There is a variety of recursive definitions of Catalan numbers in literature. Many
of them are derived using their combinatorial essence. For example, a well known
Touchard’s formula (see e.g. [6]) is derived using the generating function for Cata-
lan numbers. Also, Hurtado in [4] gives another recursive definition counting the
triangulations by the ears. Stanimirovic´ et al. in [13] introduce Catalan matrix and
derive several combinatorial identities with Catalan numbers.
Catalan numbers appear not only in counting the polygon triangulations, but
in lattice paths, ballot problem and several tents of other situations which can be
found summarized in [14].
They have even a broader application concerning many problems in physics and
engineering (see e.g. [2]). Integer sequences themselves are also applicable in variety
of areas as queueing theory and probability theory (see [1]) and many others. An
interesting application of Catalan numbers sequence in cryptography can be found
in [11].
Actually, the present literature on Catalan numbers is far more exhaustive,
containing many different formulas for Catalan numbers derived in the variety of
approaches and contexts.
Finally, using the combinatorial argument and definition of the forbidden com-
binations, we give another recursive definition of Catalan numbers.
2. Arithmetic Expressions and Integer Sequences
It is obvious that by changing b’s with 1’s and +’s with 0’s we get a unique
binary number for every triangulation of the convex polygon.
Denote the integer value corresponding to the ith triangulation from Tn by d
i
n.
It is of our interest to consider sets
Dn =
{
din| i = 1, . . . , Cn−2
}
, D =
⋃
n≥3
Dn.
The condition (C1) of Lemma 1.1 imposes that each of those numbers starts
with ’11’ and ends with ’0’. If so, we could consider only the central part of each
din. Denote this binary number by [x
i
n] and its value by x
i
n, where i ∈ {1, . . . , Cn−2}
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corresponds to a particular triangulation. Similarly, we will use the sets
Xn =
{
xin| i = 1, . . . , Cn−2
}
, X =
⋃
n≥3
Xn.
The expressions Pn and corresponding numbers for smaller values of n are pre-
sented in Table 2.1.
Table 2.1: Sets Pn, Dn and Xn.
n Pn [p
i
n] Dn Xn
3 bb+ 110 6 0
4 bbb++ 11100 28 2
bb+ b+ 11010 26 1
5 bbbb+++ 1111000 120 12
bbb+ b++ 1110100 116 10
bbb++b+ 1110010 114 9
bb+ bb++ 1101100 108 6
bb+ b+ b+ 1101010 106 5
6 bbbbb++++ 111110000 496 56
bbbb+ b+++ 111101000 488 52
bbbb++b++ 111100100 484 50
bbbb+++ b+ 111100010 482 49
bbb+ bb+++ 111011000 472 44
bbb+ b+ b++ 111010100 468 42
bbb+ b++b+ 111010010 466 41
bbb++bb++ 111001100 460 38
bbb++b+ b+ 111001010 458 37
bb+ bbb+++ 110111000 440 28
bb+ bb+ b++ 110110100 436 26
bb+ bb++b+ 110110010 434 25
bb+ b+ bb++ 110101100 428 22
bb+ b+ b + b+ 110101010 426 21
It is interesting that the sequence X appears in [12] noted as A085183, derived
from the terms of sequence A014486 without their most significant bit (1) and the
least significant bit (0). The sequence A014486 represents a list of totally balanced
sequences of 2n binary digits written in base 10. A binary expansion of each term
from A014486 contains n 0s and n 1s and reading from left to right (the most
significant to the least significant bit), the number of 0s never exceeds the number
of 1s [12].
Also, note that among famous Stanley’s 66 combinatorial interpretations of
Catalan numbers ([14]) there is no example identical to the sequence Xn. Of course,
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being counted by Catalan numbers, a bijection can be established between all of
them.
Now, we investigate some basic properties of the sets D and X .
Proposition 2.1. The value of the number corresponding to the postfix expression
characteristic for particular triangulation of the convex n-gon is
din = 2
(
22n−5 + 22n−6 + xin
)
,
where xin is the changeable part or a shorter binary (decimal) equivalent.
Vice versa
xin =
din − 2
2n−4 − 22n−5
2
.
Proof. It follows immediately from Lemma 1.1.
In order to clarify Table 2.1, in Figure 2.1 we present the relation between the
arithmetic expression bbbb+++ from P5, derived by productions (1.2) and (1.3),
and producing the pentagon triangulation (for the algorithm see [9]). The rest of
arithmetic expressions and the corresponding triangulations for n = 5 is presented
in Figure 2.2.
A=1 B=2
C=3
1 A=2
B=4 C=3
1 2
B=3
C=4
A=5
SS+ SSS SSSS bbbb++ +++ +++® ® ®
Fig. 2.1: Generating the triangulation corresponding to bbbb+++.
It is well known that there is a bijection between the triangulations and binary
trees. It is interesting to note that triangulation ordering imposed by sequence Xn
does not match the usual ordering between the trees corresponding to the particular
triangulation (see e.g. [6, Chapter 8]). This can be easily seen in Figure 2.3. In the
first column, corresponding arithmetic expression in RPN is presented, then there
is the corresponding parsing tree, followed by triangulation and the binary tree for
this triangulation. In five rows in Figure 2.3 we have five possible triangulations of
a pentagon corresponding to integers xi5 = 5, 6, 9, 10, 12, i = 1, 2, 3, 4, 5 respectively.
Let us give some observations about [xin]. According to Lemma 1.1, it is obvious
that the length of each [xin] is equal to
∣∣[xin]∣∣ = 2n − 6 and [xin] ∈ {0, 1}∗n−3,n−3.
Moreover, [xin] can not start with more than one ’0’ and can not end with more than
one ’1’. So, it must have one of the forms [y1(n)], . . . , [y9(n)] presented in Table 2.2.
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bbb+b++
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4
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bbb++b+
1 2
3
4
5
bb+b+b+
1 2
3
4
5
bb+bb++
Fig. 2.2: Illustration of the rest from T5 and P5.
In Table 2.2
[α] ∈ {0, 1}∗n−6,n−4
[β] ∈ {0, 1}∗n−5,n−5
[γ] ∈ {0, 1}∗n−4,n−6.
Note that some of [α], [β], [γ] type strings are proper (correspond to particular
polygon triangulations) while some of them are not. These strings are proper under
conditions described bellow.
The [α] type string can be found only within the contexts
1101[α]000, 1110[α]000
and, according to the conditions of Lemma 1.1, start of proper [α] should satisfy
(2.1) [α]ps ∈ {0, 1}
∗
p,q, p ≤ q + 1, p ∈ {0, . . . , n− 6}; q ∈ {0, . . . , n− 4}.
The substring of [β] type has to be considered in two subtypes: [β′] and [β′′].
The subtype [β′] can be found in the contexts
1101[β′]010, 1101[β′]100, 1110[β′]010, 1110[β′]100,
and, according to Lemma 1.1, every start of proper [β′] should satisfy
(2.2) [β′]ps ∈ {0, 1}
∗
p,q, p 6 q + 1, p ∈ {0, . . . , n− 5}; q ∈ {0, . . . , n− 5}.
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Table 2.2: String types.
weights 2n− 7 2n− 8 . . . 1 0
[y1(n)] 0 1 [α] 0 0
[y2(n)] 0 1 [β] 0 1
[y3(n)] 0 1 [β] 1 0
[y4(n)] 1 0 [α] 0 0
[y5(n)] 1 0 [β] 0 1
[y6(n)] 1 0 [β] 1 0
[y7(n)] 1 1 [β] 0 0
[y8(n)] 1 1 [γ] 0 1
[y9(n)] 1 1 [γ] 1 0
The subtype [β′′] should be found within context
1111[β′′]000
and every start of proper [β′′] should satisfy
(2.3) [β′′]ps ∈ {0, 1}
∗
p,q, p ≤ q + 3, p ∈ {0, . . . , n− 5}; q ∈ {0, . . . , n− 5}.
Because of the fact that [γ] type strings can be found only within the contexts
1111[γ]010, 1111[γ]100
and the conditions of Lemma 1.1, it is clear that every start of proper [γ] should
satisfy
(2.4) [γ]ps ∈ {0, 1}
∗
p,q, p 6 q + 3, p ∈ {0, . . . , n− 4}; q ∈ {0, . . . , n− 6}.
The number of the bits in [α], [β] and [γ] is
|[α]| = |[β]| = |[γ]| = 2n− 10
and values of the above binary numbers [yi(n)] are correspondingly:
y1(n) = 2
2n−8 + 4α(2.5)
y2(n) = 2
2n−8 + 4β + 1(2.6)
y3(n) = 2
2n−8 + 4β + 2(2.7)
y4(n) = 2
2n−7 + 4α(2.8)
y5(n) = 2
2n−7 + 4β + 1(2.9)
y6(n) = 2
2n−7 + 4β + 2(2.10)
y7(n) = 2
2n−7 + 22n−8 + 4β(2.11)
y8(n) = 2
2n−7 + 22n−8 + 4γ + 1(2.12)
y9(n) = 2
2n−7 + 22n−8 + 4γ + 2(2.13)
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Proposition 2.2. The minimal value among the values (2.5)-(2.13) is
ymin(n) =
4n−3 − 1
3
, n ≥ 4.
Proof. It is not difficult to observe that the minimal value ymin(n) must have the
form 01[βmin]01, where [βmin] corresponds to the minimal value in the context
01[β]01. Note that βmin is not the minimal β in general.
As a consequence of Lema 1.1 and its condition (C2), every beginning of β,
βs ∈ {0, 1}
∗
p,q, satisfies the condition p 6 q + 1. The βmin for an n-gon (denoted as
βmin(n)) is of the following form:
βmin(n) = ǫ, 3 ≤ n ≤ 5
βmin(6) = 01 = 110,
βmin(7) = 0101 = 510,
βmin(n > 7) =
n−5︷︸︸︷
01 =
n−5∑
k=1
22(k−1).
Therefore
ymin(n) = 2
2n−8 + 4
n−5∑
k=1
22(k−1) + 1
= 22n−8 + 4
22n−10 − 1
3
+ 1
= 4n−4 + 4
4n−5 − 1
3
+ 1
=
3 · 4n−4 + 4 · 4n−5 − 4 + 3
3
=
4n−3 − 1
3
.
Proposition 2.3. The maximal value among the values (2.5)-(2.13) is
ymax(n) = 2
n−3
(
2n−3 − 1
)
.
Proof. It is straightforward to conclude that the maximal value must have the form
11[βmax]00, where [βmax] corresponds to the maximal value in the context 11[β]00,
since it starts with two 1’s and β has more 1’s than γ.
The maximal β (which is allowed by Lemma 1.1) is
[βmax] = 1 . . . 1︸ ︷︷ ︸
n−5
0 . . . 0︸ ︷︷ ︸
n−5
= 1n−50n−5.
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The corresponding value is
βmax = 2
n−5
n−6∑
k=0
2k = 2n−5(2n−5 − 1)
Therefore, using
ymax(n) = 2
2n−7 + 22n−8 + 4βmax
and the elementary algebraic operations the proof can be completed.
Proposition 2.4. The following inequality is satisfied for n ≥ 3:
ymin(n+ 1) > ymax(n).
Proof. According to Propositions 2.2 and 2.3
ymin(n+ 1)− ymax(n) =
4n−2 − 1
3
− 2n−3
(
2n−3 − 1
)
=
a2 + 3a− 1
3
,
where a = 2n−3. As n ≥ 4 and a ≥ 2, it is not difficult to verify that the quadratic
inequality
a2 + 3a− 1 > 0
is satisfied.
As we have already seen, some combinations are forbidden (do not correspond
to any n-gon triangulation). Later, we count these forbidden combinations. In
accordance to the previous results we state the next definition.
Definition 2.1. The forbidden starts are defined in the following way:
(a) By the forbidden start of [α] we consider
[α]fs ∈ {0, 1}
∗
p,q, p > q + 1,
where all its starts with length less than p+ q are proper.
(b) By the forbidden start of [β′] we consider
[β′]fs ∈ {0, 1}
∗
p,q, p > q + 1,
where all its starts with length less than p+ q are proper.
(c) The forbidden start of [β′′] is given by
[β′′]fs ∈ {0, 1}
∗
p,q, p > q + 3,
where all its starts with length less than p+ q are proper.
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(d) By the forbidden start of [γ] we consider
[γ]fs ∈ {0, 1}
∗
p,q, p > q + 3,
where all its starts with length less than p+ q are proper.
Proposition 2.5. Any combination having the forbidden start is also forbidden.
Remark 2.1. The forbidden combination is not a proper string {0, 1}∗n−3,n−3 which
corresponds to some n-gon triangulation. The purpose of the forbidden start notion
is to count the non-proper combinations which do not correspond to any triangula-
tion. If we recognize a forbidden start, then any pattern of bits following it makes a
certain number of forbidden combinations. This will be used later in Theorems 2.1
and 2.2.
The following lemmas hold.
Lemma 2.1. If there exists a forbidden start in [α], [β] or [γ] it must contain an
even number of characters.
Proof. According to (2.1) and (2.2), the shortest forbidden start for [α] and [β′] is
’00’, where p+ q = 2, an even integer. Similarly, according to (2.3) and (2.4), the
shortest forbidden start for [β′′] and [γ] is ’0000’, in which case holds p+ q = 4.
The case p+ q = 2q+1 is the limit case for allowed start in (2.1) and (2.2). The
forbidden start can grow from it by adding one zero at the end, making the length
of this forbidden start an even number p+ 1 + q = 2q + 2.
For all allowed starts of [β′′] and [γ] holds p ≤ q + 3. The forbidden start can
be made by appending one zero only for the case p = q + 3. Therefore, p + q =
2q+3 must be satisfied again. In this case, the forbidden start has the even length
p+ 1 + q = 2q + 4.
Lemma 2.2. The following holds:
(a) If we have a forbidden start 2k characters long in [α] or [β′], then it contains
exactly k − 1 1s.
(b) If we have a forbidden start 2k characters long in [β′′] or [γ], then it contains
exactly k − 2 1s.
Proof. (a) Let us consider firstly the [α] type case. As p + q = 2k and (2.) are
satisfied, we have p = q+2 which implies q+2+ q = 2k and the proof is completed.
The rest of the proof could be done in a similar way.
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Remark 2.2. It is easy to observe that the shortest forbidden start ’00’ for [α]
occurs at n = 8. Regarding [α] ∈ {0, 1}∗n−6,n−4, this forbidden start can be found in
the combinations 1101 001111000 or 1110 001111000.
Also, for [β′] the shortest forbidden start ’00’ occurs at n = 7 in 1101 0011010,
1101 0011100, 1110 0011010 or 11100011100.
In the case of [β′′] the shortest forbidden start is ’0000’, at n = 9 in combination
1111 00001111000.
The shortest forbidden start ’0000’ for [γ] occurs at n = 8 in
1111 000011010
or
1111 000011100.
Theorem 2.1. The number of forbidden combinations for [α] is
nαfs(n) =
(
2n− 10
n− 8
)
, n ≥ 8.
The number of forbidden combinations for [β′] is
nβ′
fs
(n) =
(
2n− 10
n− 7
)
, n ≥ 7.
The number of forbidden combinations for [β′′] and [γ] is
nβ′′
fs
(n) =
(
2n− 10
n− 9
)
, n ≥ 9,
and
nγfs(n) =
(
2n− 10
n− 8
)
, n ≥ 8,
respectively.
Proof. As [α]fs ∈ {0, 1}
∗
p,q, p > q + 1, and [α] ∈ {0, 1}
∗
n−6,n−4, we actually want to
count all paths from (0, 0) to (n− 6, n− 4) touching the line p = q + 2. Using the
reflection principle, this is the same number as the number of paths from (2,−2) to
(n− 6, n− 4). This yields
nαfs(n) =
(
n− 6 + n− 4
n− 6− 2
)
=
(
2n− 10
n− 8
)
.
In a similar way, we can complete the rest of the proof. Note that for [β′]fs ∈
{0, 1}∗p,q, p > q+ 1 and [β] ∈ {0, 1}
∗
n−5,n−5 we need to observe count of paths from
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(2,−2) to (n − 5, n − 5), while for [β′′]fs ∈ {0, 1}
∗
p,q, p > q + 3, we observe line
p = q + 4 and paths from (4,−4) to (n− 5, n− 5).
For [γ]fs ∈ {0, 1}
∗
p,q, p > q + 3, and [γ] ∈ {0, 1}
∗
n−4,n−6 we need to observe line
p = q + 4 and paths from (4,−4) to (n− 4, n− 6).
In the next theorem, we state another way to express Catalan number.
Theorem 2.2.
(2.14)
Cn−2 = 4
(
2n− 10
n− 6
)
+ 5
(
2n− 10
n− 5
)
− 4
(
2n− 10
n− 8
)
− 4
(
2n− 10
n− 7
)
−
(
2n− 10
n− 9
)
, n ≥ 9.
Proof. The proof could be derived in the combinatorial way. The overall number
of possible combinations in the case of [α] and [γ] type strings from Table 2.2 is
4
(
2n−10
n−6
)
, while the number of possible combinations in the case of [β] is 5
(
2n−10
n−5
)
.
Theorem 2.1 counts all forbidden combinations. The overall number of possible
combinations diminished by the number of the forbidden combinations results in
the number of the allowed combinations, which is equal to Cn−2.
Corollary 1. The following holds
Cn−2 = 8
8n3 − 84n2 + 286n− 315
(n− 1)(n− 2)(n− 3)(n− 4)
(
2n− 10
n− 5
)
= 8
8n3 − 84n2 + 286n− 315
(n− 1)(n− 2)(n− 3)
Cn−5.
Proof. Using Cardan’s rule of succession
(
n
r
)
=
n− r + 1
r
(
n
r − 1
)
each binomial coefficient from (2.14) can be reduced on the same type, e.g.
(
2n−10
n−5
)
.
After some algebraic transformations we get the result.
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Fig. 2.3: Illustrations of arithmetic expressions, expression trees, triangulations
and binary trees.
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3. Conclusion
We have made the presentation of the convex polygon triangulations in the form
of integers. This imposes one of the triangulation ordering different from e.g. the
one derived in [5].
Moreover, the boundaries for these integers are found in terms of polygon vertices
number n. The forbidden patterns in the binary presentation of these integers
are counted. Another way to express Catalan number via binomial coefficients is
presented.
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